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«WARDS THE QUESTION CONCERNING XBE EXPANSION BY A SMALL' PABAMETER 
S^SoSlK OF <ME  8X83991 OF B»UXI0HS OP HH>RÖ~MM)DIHÄM1CS 

APPLICABLE 40 ATMOSPHERIC PROCESSES 

[Ms is a transition of an article by 0.1. Mar^S,8a;i'M\g;f Jf' 
in Trudy, Inst. Piz. Ataos., 1958 (work done in 1953) i  CSO: *603~NJ 

As the solutions of the non-linear system-o£ hydrodynamic equations 

applicable to atmospheric processes presents exceptional difficulties 

of a mathematic character, usually they are limited to the search for 

time derivatives of pressure, temperature and the vertical velocity of 

air particles. 

As is well knot«! in the quasigeostrophic approximation the mentions, 

functions enter into the system of differential equations linearly and 

could be calculated for highly general assumptions relative to the 

structure of thermobaric fields by methods, at present, geratly ex- 

ploited [l]. However the possibilities of using the quasi-geostrophic 

approximation are restricted and frequently quite insufficient for 

describing the evolution of the fields of meteorological elements. 

In the present work, the authors set as an aim the consistent 

carrying out of I. A. Kibel's idea concerning the possibility of the 

expansion of the solution of the general problem of hydro-thermodynamics 

applicable to atmospheric processes through degrees of a small para- 

meter, taking into account three dimensions and the vertical baro- 

clinicity of the atmosphere. 

The paragraphs of articles 1-3 were written by G. I. Marchuk, 

paragraph 4 by N. M. Kireeva; she also carried out the calculations of 



the influence functions   fs]$ and  Nu , 

)J I  Formulation of the Problem 

If the ~/.       axis of &  Cartesian coordinate system is directed 
JU&I*^   ThS    irtTrn'Ut?    ul^Cu'S     T*;...->'--0    7~Ji<:   i=~.'}2T,     T~/u~   /    riX/S      ''•»' 
along the meridians toward the north.  |v= P/j? is vertically up- 

ward, where  p   is the pressure at any height, while J^        is the 

pressure at earth's surface, then the system of hydro-tharmcdynamic 

equations applicable to atmospheric processes takes the following form: 

du    ,-Z>~ £»=.- £^ 

elf    £ ^ J ^ 

^    /.. .) / ./. J~ £■ _ r 

v s ->   / 

/ - -^ >l     A>J 

where    U and  V are the components of the vector velocity 

of air particles, along the  X   and. %      axes 

'T'  is the vertical velocity relative to isobaric surfaces 

X •=■ constant v 

3  is the height of isobaric surfaces above sea level 

/  is temperature 

J is the force of gravity 

_/' is   2   (jJ sin y' 

CxJ   is the angular velocity of the earth's rotation 

$  is geographic latitude 



/'\ is the gas constant 

y'   is the vertical gradient of temperature, 

v     A 

Let us take into consideration non-dimensional quantities, which 

we shall designate by the index 1. 

Let   y - Ay, , H^'-J"   ^u^ >  "~ iA 

,n p.      // ^',   7-7- <fc^ ./f7"' 7 
V / 

v;here    T"   is the mean temperature of the atmosphere. Then the hy- 

drodynamic equations take the form 

p a v> > f~ # -/ ^ - ——>'' 

L  P f <?' 

where  f\^ Jc. is a non-dimenr ■' onal parameter, while 

. i     __. —• 'ii.._:/ z;7'" > .  For standard atmospheric conditions and 
7-^ 

for mean latitudes/ the coefficient ftj.*"'          is roughly equal to 0.5, 

If we take    l_~ /&"/tl ,              /'''""- A'5 /S6C.      > 

j:,, __ y •.=-#, 5 XV^_ *' *%//,;   , /.—    /&"*        ,   then we obtain the 

following characteristic values for variations of meteorological elements 



/     c/#/ 
which corresponds to a vertical velocity of 

Prosa tMs estisaats it fortes,  that; th« considered characteristic 

«eales «£ th* phsnorasfiA lead to reasons.»!® order of .magnitude values of 

th« swtaotoleäicftl «l«rasat«;  for this '   ff- ~    ^T ^r   /^     -?<'r'       * 

while the tton»disaansioa&l p&ra«tet      £1 «    ,///-  " ^ 

Proa th» first two esu&tiong of (1.2), by cross differentiation we 

obtain th© aquation, which contusct* the individual derivative of vosrti- 

eity with the- velocity divergence: 

«her« 

■j' -y 

B«r* «od »verywhftre in the future^ for the #aks af simplicity we 

«h*Xl dtep th« isüiess 1 for tha nea-diasaiisioa&i quantities. 

In J& »twtlogoa« «ay, differentiating the first equation of system 

(1.2) with r&spaet to ^ , end th* saaond with respect to H &Vid 

th*a adding th*n, wa obtsin * new equation: 

„.„     cg.siTe si? + €*{*!-?+$?j ■>§#)*-*} 

.4- 



wh*r" n --- ^ / ii-(-) +.2. 

Using the tMsd equation of ths syscm (1.2), one can rewrite (.13) 

a&d (1.4)  is tfee following forms 

'(1.5) 

(1.6) JX-^-- ^ ~~       C .sL ■    O     {jj   '  OX Jj        y 

Putting (1*6) iatc> (1.5) and aagleccing terj&Sj, the order at sss&ll~ 

aess which ara higher tfeaa    £,, , we obtain 

wx&vs       L'lCi   *■* & sysboij, wfaish ln4isstcs the order <t£ magnitude af 

1st w.s resrftil^  that 

/ 
Ä - ~J^  / I U 

<!.*> ^ 

t/ -= Ü   / /* K 
where 

fee.     —   *"■   ~T7L   as«      •    -", 

%• 



The solution of this equation would permit the recovery of the 

field of vector velocity through the field of the function '2        , 

however the exact integration of equation (1.91) is not presented in 

the present article as a subject of investigation» For our arms, it is 

sufficient to state, that from (1.9) with an accuracy to small quanti- 

ties of first order it follows, that 

/ . /     // 

/ ~ V    rf-   t V 
•where 

and the symbol .   , . /   . / 

Therefore, relation (1.8) with an accuracy to small quantities of second 

order can be rewritten in the form 

H= -& -, £77' + O(C') 
(l.S1) & X 

Having (1«8J) in this form, (1.7) can be brought to the following form: 



(1.10) 

vfcifctf» 

Let «s now consider the equation of teat flax 

<i.u> df     ^ $ 

WUc*, eon.id.rli« the hydrostatic elation with « accuracy to «all 

values of second order, could b* preewted In the following form: 

wa 

■)4 

Tims, for the dateralnation of the function* /;^   a™»    t 

obteis a «y»t«m of  two p*rtial differential  equations: 

(1.13) JJ3 s-4^ ft +£ v' + 0(6*) 

(1.14) 
}.  M$)+*s 

B^-^'ApJ'   ^ '~~'(3>f[J 
where *^ 

„7, 



jj        ^0 

Finally, eliminating the function t       from equations (1.13) and 

(1.14), va obtain a second order differential equation for the calcula- 

J ?■       l 

tion of the function ^_jL 

I. A. Kibel's "first approximation" will follow from (1.16) for th, 

assumption, that the quantity 0j   • is the order  £,  , i»ee for con- 

ditions ^ when (ffr r^r   /f 

It is immediately clear, that the principal and small first order 

terms in equation (1,16) have been delineated in an obvious form» For 

the integration of equation (1.16) it is still necessary to give the 

boundary conditions, which we shall take in the following form: 

-8- 



using the equation of heat flux, it Is possible to show, that, due 

to condition (i.17.) and a quite natural assumption concerning the charac- 

ter of the thenaobarlo fields in the lower troposphere, we obtain the 

following boundary condition for   *■ y^s-     '"1-": 

(1.28)    l  >$    '        7 ^ 

where         ^ 

(1.1S) Of —    «* 

7 
In agreement with this, the solution of equation (i.16) is presented 

in the. following form 

(1.10)      ' " (P> . <& 

($ -///©'>/.'U r')dOi-£,)JJMH ^ 
(DJ 

«he» Millar') and >^. (A '?, ^  are influence 

fuactions Li}, 

^ P   is aft element of volume in the Cartesian system of coordinates 

Thus, the solution of the problem is obtained by means of formula 

(1.20) with an accuracy to quantities of second order of snallness. 

It is iaiaediately clear, that all the unknown quantities, which 

-9- 



are contained in f\ and J.'^ , could be expressed through 

{»fcl and £ , obtained from the solution in the first approxi- 

mation. .  

however, due to the fact, that the functions 

[l*    ,  'yr/ for the use of \~/i}        are f°uri<ä from 

differences, to a considerable degree, of mutually exclusive quantities, 

it is expedient to compute the quantities with, the help of more stable 

formulas in regard to the. computation« 

M. I* ludin, using the quasi-geostrophic approximation of the 

vector velocity of air particles for the calculation of C'        and // 

formulated a second order equation, which he integrated approximately witi- 

the help of the   71 0 A \f  P p eZ M hi X     method« 

In the following paragraph^ we shall obtain the general expression 

for   £"' and ]/'        in the form of space integrals of the functions 

of the fields of meteorological elements with the corresponding influence 

functions. 

II-,  Calculation of the functions   ß-       and //" 

Let us look for the functions  ((' and  ///   in the follow- 
i 

ing/form: 

*~-# +//)V(X''$:/(J$l:?'4' r'} JJ) 

where   /    >     1/ >    V are unknown functions of the fields of 

meteorological elements, 

(j7 is the influence function, the form of which also must 

-10- 



be determined. 

Then, let ua differentiate the first relation in (2.1) with respect 

■s/ , , , . ,    . 
X  and the second witn rtspect to   '■/'   ., then  we ootain: 

/'/' 

d* 
jS 

txS   /    ([fjr '2J?  Jf) 

(2.2) c/V 

,)F_.  P. 
^ 

-/- A-/ ^ ^ V  ^   . 
r/V 

If we -assume, that   (y        ■>  O where.  /'" 

us integrate by parts and we obtain: 

then  let 

/ 

//  -'77'   L'lu ~" 
*)'(/ CJL y'  -  >- 

JJJ ^ >a I f( .)'V" 

Therefore.. 

Ill ->r (^ cil)^ <U    Qdri 
JJJ   Jj 

p) 

j-/ JXJjf 
/ 

(fi) 
(2«4) 

+J/J %^o 
(p)      (9 

Adding the' 'obtained two equations (2.4), we have: 

, U*r?) *>tt Jj'7. fJJ(^-&^ 
10 J 1 J'/ 

But, on the other hand 

«yX 
/ 

f/ 
ii * 
•^ 

i^ifilO T& 

-ii • 



(2.7)    2i -r - /// (<&, + £¥)(! Jj) 

It) 

For the calculation of ' /^/ , let us t&ke advantage o£ the expression 

for  T*  , which in non-dimensional quantities will have the following 

formt 

. ^ TL.      f f , 
/' 

(2.8>  - ~  £ 
:^/pi a>; +a ^)+& A TM "■» ^ <- '^ 

where <f M»        i* »a influence function til. 

Let us differentiate (2«8} with respect to .(  : 

iOJ 

Let us cote» th&t 

<2."io)  ^ (T>*) + ih'&-6 

Let us substitute (2.10) into (2.9): 

<77 ^ ; * fy*T)-2[&(T'^ -^ r%[j 

<,u>   §-^JIj3>lT'2*>i-&U>*flfn",1? 

kW 

where 

Me-$(tM>) 
-12- 



Hext, putting (2.11) into '(2*7), we  obtain 

'ID; J 

Fram (2,12) it follows, that fcha equation is satisfied, if we put 

6 * Afc 

(2.13) "        <£ 

v £       I.. ' ' V/ ^    ' 

vhs<r«s     $?      Is & o«w oakaowft fece&ion,, 

XksSj, with the calculatltaa of the expressions (2,13)     (£        and  K* 

axe wrlttaa <S««a thi* ways 

F_ i/~ lfßlZßx,) + f]M,JD 

7. ^- is? Jff[ IT; &)-&]*« & 

IX x<mm&&& to detemina the uataewR functions Ö? and / • * 

Per tkis purpose, let «s differentiate the second equation of (2.14) with 

smfmt ta /C. «md the first with res&ecz to     Jf      ,    Then after inte- 

grsciea fey part« w obtains 

0 & ib> 



Subtracting      ft 0 HM M* »• **  ** **»~***  "* ^ * *""' 

«4 obtain.; ^ 

<2.i6)    j/Jt-jy"  ^   ^ 

Kara at the SAH« time wa assumed : 

. <>.»> z ^ fr -if - - * fr***/ -^ A 

*    Relation (2.17) «ill b. used in the ««*. of an equation .or ca. 

calculation of the function Y      . 

Equation (2.16) determines the form of the arbitrary function fl   : 

faking into account, that 

^(r.h*- .4 fr,frJ—^Js(Wy-%J 

we obtain 

ot-SFW»' 
or with an accuracy to the un.si.«ial harmonic function 

-14- 



(2.19) 

Thetefora  the  final  foras of the  functions    ^ and   }/ wll 

w 

&+2 fffLLi'irJr^ *i'>*/J 

Graphs of the influence fwncticn  /^5 are given in figures 1 - 4. ' 

the characteristics of the influence function ff£    *««•' ^ *"~'^ 

coincide with ehe characteristics of the function /%  ill* 

III. Calculation of the function  ^"T" 

Htwf i£ ress.si.HS to fln.i  the formulas, which are convenient for the 

calculation of the function fl^'  . For this purpose, we shall proceed 

froEx the relations 

<3"2)    *J?~Z[(&> *) /*s #; *% <>^ "^ ^ 

*.,t2*r-j!x»>J + 0(E) 

but 
«/V </ 

-15- 
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therefore 

Consequently^ taking. Into account the statement 

in vie«? of ehe fact, thet in formulas (1.3) and (1.5) it follows 

that we consider only the principal parts of Che expresston 

"irfAf (y J_J2. ) >  ^et us consider, chat 

Therefore^ the expression for  ^   and  /3   will now have 

the fcrr/i 

(3.3)        - j V f> "i» ^ ^ ^ ^ ^ - 

y'- - l^'Jj fey v- r>ff(%) } 
Iti conclusion, let us perform some transformations of the solution, 

obtained ir» [l], for the purpose of bringing them,  to a »ore convenient 

for,?, for practic&l use* let us proceed from the formula for the vertical 

velocities [l], which is non-dimension«! quantities has die form 

-16- 



Due to the fact,  that 

a (11,) + (T, AVJ + (3,*T) =*/& f\^t| {r>%>J 

wa havst ^ 2gfJf[£<VJ-<;f(T,*)]jM>ctP 
(V) 

letiis integrate fey parts end we obtain 

&///<wt%"»+ tVJ/wtf" 
oVf  taking into account that, 

Mb-^JS tic' 
(3,7) jx      jr*  <■)'/ 

where 

wa obtain; 

and p/w =f ,/i '/& S==-- + ^T 
y M  7[     f 

where 

-17 



Using the symbols of the  work [l], expression (3.9) could be written 

in the following fora: 

Let as form the expression  . /•        .     / //    / ) 

i     ,    ,ö,. >    J~/\f   ) j;-LJ,c^(-j>>ry-h 

Due to cae fact, that     "' ^2. jT' ^ 

fA»*  ^ i- /7~) J* .- f-4 )-/- / 4  •-'; •/- / a-  -j? J X 

l.rl-fiiktä1^^* 

.,)..     .jL&'S'r'J. 

Graphs of th.s influence function ß'?b   are given in figures 5-7, 

Tiro« 

Xe is possible to obtain an analogous formula for  j  /    :. 

~, ^/V* 

£^ljfJJj[(T,),)tY-/j+ (T,% )fj~J ')] ff 
(3.13) 

-18- 



IV. An example of the calculation of fa'   and 1/ 

The case of 12 May 1951 was considered In the nature of an example 
/       / - 

of the calculation of [i     and  //  «  The synoptic situation of this 

day \K\t» characterized by the presence of an extensive cyclone» situate.- 

in the region between Kiev and, Smolensk, the cyclonic axis of which was 

directed almost vertically upward (figures 8-9}. 

Formulas (2,19) were used for the calculation, of U     and I/'        , 

due to the sufficiently smooth change, through.the horizontal, of the - 

integrand function; which depends on the specific distribution of the 

fields of meteorological elements in comparison with the change of the 

influence function // Jrfj   f   the integration with respectto the hori- 

zontal was not carried out, but the following approximate relation was 

usea: 

(4.i). 

V 

wnere 

f r/ iJ   ,)    t J. hä ) 1/f fry 11 <( 

n*ii?(r Jj M* (l't.r'i^ 
it; 

(4.2) 

C CAP and    :.J       is the entire plane, O 

For the integration of the equation 

A/   - - ?_ (fa fy ~ fy    ) 

-19- 
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Fig.  8.  M&p of the baric topogr&plty.    AX 1G00 tab at 12 May 1951. 
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relative to the function  )r     on a11 levels of the atmosphere an 

approximate method of solution is also used, which is often discussed 

in the literature«  It consists in the fact, that all scales of the 

spectra of meteorological perturbations can be replaced by ssnu- otiee 

tive sinusoidal perturbation of a single frequency for a wave length, 

more characteristic of the short-range meteorological phenomena (4000 Ir- 

in this special case the equations turn out to be quite simple: 

Calculation of the functions [fa*/jf#   "",/*¥    '        , > [ Jjf ■>#* 

j^L    f ilJ   ) etc, was carried out by the finite 

M ! ->i J   ' 
difference method, while for the horizontal scale uifc, the segment oi 

100 km was taken; the whole interval of change of the functions 

through the vertical were divided into four parts by the surfaces:  10C 

850, 700, 500, 300 mb» 

The components of the deviations of the wind velocity from the 

geostrophic wind are present in figures 10-19 (the length scale 1 cm 

of the velocity arrow — .1    ^jstC*      ),   a*d tbs designations are int 

duced: 

"    ?' 

(4.3) .)/ 

'J Ja 

'.= ? 
'f(i3    ) hj.^.(^)li^(U)fif 

v> •=z l A y( 

21 



«1 O Kis 
d   vi    ® 

v4 Pi -H 
-M 0 ^ 
C*    ?■(    R   .O 
•H +•> o a 
j> K R 
©   O        O 
•d  © <H © 

t& o o 
© i~* 
Ä   0 fc , 
4*   O 0 hi 

u +■> < 
<H  V, O 
o      w 
ffi   4* «5 

(1)   O  +s   8) 
Ö  i~! ■<"< 
0   6)  Ä  "M 

£3 -HO 
0 "0  i* T* 

.    f*     ©   * 
o        ■*•* 
H ä> y © 

.es a? & 

66 ß 
•r(   <H    O   "M 
XH   O   O   O 



few! 
PI'i I« mm* 

till N£ 

ili i kJV%IS 
Ili! ili    |i^     mp^ 



The components (J,^     and   //,/   are related to the factor of 

the non-linearity of the baric fields, at the moment when Ua and 

V-3        s   generally speaking, are caused by the presence of the diver- 

genes of air particles in the mean troposphere,. In order to be con- 

vinced of this, it is sufficient, by means of equation (le2), to form 

the expressions 

Alt'* 
9 

The analysis of the example shows, that the components C^y-/    and 

\yi       do not change sign with height, and in regions with a cyclonic 

pressure contour they furnish a negative contribution with respect, to 

the gradient wind., while in regions with an anticyclonic contour - posi- 

tive» 

The functions £<(,$      and l/<i form a vector, which in the 

lower layers of the atmosphere is directed, in a cyclonic formation, 

toward the center, then passes through zero at the mean level [Jf'^zU* 

sxiA  in the upper layers of the atmosphere is directed from the center 

to the periphery of the cyclone« The -opposite picture is observed for 

formations of anticyclonic "character« 
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